The Leidenfrost effect occurs when a drop of liquid (or a sublimating solid) is levitated above a sufficiently hot surface through the action of an insulating vapour layer flowing from its bottom surface. When such a drop is levitated above a surface with parallel, asymmetric sawtooth-shaped ridges it is known to be propelled in a unique direction, or ratcheted, by the interaction of the vapour layer with the surface. Here we exploit this effect to construct a 'ratchet trap' for Leidenfrost drops: a surface with concentric circular ridges, each asymmetric in cross-section. A combination of experiment and theory is used to study the dynamics of drops in these traps, whose centre is a stable fixed point. Numerical analysis of the evaporating flows over a ratchet surface suggests new insights into the mechanism of motion rectification that are incorporated into the simplest equations of motion for ratchet-driven motion of a Leidenfrost body; these resemble a central force problem in celestial mechanics with mass loss and drag. A phase-plane analysis of experimental trajectories is used to extract more detailed information about the ratcheting phenomenon. Orbiting drops are found to exhibit substantial deformations; those with large internal angular momentum can even undergo binary fission. Such ratchet traps may thus prove useful in the controlled study of many properties of Leidenfrost drops.
Introduction
In 1756 Johann Gottlob Leidenfrost discovered that a drop of fluid placed on a sufficiently hot surface would not boil away immediately, but would instead levitate on a cushion of its own vapour and persist for a considerable time (Leidenfrost 1756) . One of the notable properties of such Leidenfrost drops moving on smooth surfaces is their high-speed ballistic motion, ricocheting from one lateral boundary to another. Such motions make it difficult to study the radial flows and persistent shape oscillations of large drops (Adachi & Takaki 1984) . It is therefore of interest to develop methods to confine these lateral motions, as Leidenfrost himself did with a heated spoon. A key modern breakthrough in the control of Leidenfrost drops was the discovery (Linke et al. 2006 ) that a surface with parallel asymmetric ridges will act as a ratchet, propelling the drops in the direction toward the steeper sides of the ridges, an effect that has been attributed to the flow features underneath deformed drops. If such textured surfaces can 'rectify' the vapour flow from drops to produce unidirectional motion, then it is natural to ask whether there are modifications that might allow a drop to be coerced into moving along regular trajectories within a finite domain. Here we show that a surface textured with concentric circular ridges, each with a ratchet shape, acts as such a trap. In § 2 we describe the trap geometry and methods to determine drop trajectories, along with the basic experimental observations of drop orbits. We focus on the evolution of velocities and accelerations for quasione-dimensional trajectories, but also show that drops with large internal angular momentum can become unstable to binary fission. Numerical analysis of flows over a ratchet topography is used in § 3 to assess the original proposal of the ratcheting mechanism (Linke et al. 2006) and to reconcile it with more recent work (Dupeux et al. 2011a,b; Lagubeau et al. 2011) , leading to the simplest drop equations of motion in § 4. The experimental results show systematic deviations from this simple model, and several possible mechanisms for this are suggested. We conclude by highlighting areas for further investigation.
Experimental methods and results
The trap shown schematically in figure 1 was machined from a block of aluminium to a height H = 2 cm and diameter D = 15 cm, surrounded by a raised lip 1 mm high to contain the drops. The ratchet pattern has a depth of δ = 0.3 mm and a repeat distance λ = 1.5 mm. The orientation of the teeth shown in cross-section in figure 1(b) was chosen to drive drops toward the centre. Experiments were performed by heating the trap on a hot plate (Series 11-110, Fisher Scientific; 18 cm × 18 cm) to 300
• C (well within the 'Leidenfrost regime' for water), as determined by a contact thermometer (Amprobe/Meterman TPP2-C) on the disc. Drops were placed on the trap by slowly injecting water from a syringe through plastic tubing, the end of which was held a few millimetres above the trap surface. The drop is held by capillary forces at the end of the tubing and can be released from rest or with angular momentum relative to the trap centre by slowly dragging the drop laterally until released.
Drops were imaged with a high-speed video camera (Phantom V.1, Vision Research) suspended above the disc, operating at full frame resolution (1024 × 1024 pixels) at speeds of 200-1000 f.p.s., and equipped with an SLR lens (Nikon 50 mm f/1.4). The drops were illuminated with a 19 cm inner diameter 22 W fluorescent ring light (tube diameter 15 mm) concentric with the trap and slightly above it, as shown in figure 1(c), shielded to prevent glare. This lateral lighting creates a diffuse reflected halo around the drop which is easily visible by frame subtraction, as shown in figure 2. Appropriate filtering and de-noising of this greyscale pattern using ImageJ and Matlab enables accurate centroid detection to obtain the drop trajectory, despite the sometimes wild internal oscillations of the drop. The positional time series was processed with an algorithm based on a sliding window of many time steps, within which a least-squares fit of a high-order polynomial was used to smooth the data and obtain reliable time derivatives. Drops of radius R ∼ 3-5 mm released near the outer edge of the trap typically orbit for several seconds and always reach the trap centre before disappearing through vaporisation. There are two main types of trajectories distinguished by the magnitude of their initial orbital angular momentum. Those with small but finite angular momentum (figure 3a) display quasi-elliptical paths passing very close to the trap centre, and whose major axis tends to precess, while those with larger angular momentum can display quasi-circular orbits, a segment of which is shown in figure 3(b) .
Careful preparation of the initial condition can lead to a nearly one-dimensional trajectory, as in figure 4(a) (see also supplementary movie 1 available at journals. cambridge.org/flm). Figure 4 (b) shows the drop position and velocity as functions of time in a coordinate system aligned with the long direction of the orbit, illustrating the gradual damping of the oscillations as energy is lost to drag. The typical scales of the measured velocities v and accelerations a are consistent with but are somewhat higher than those observed previously (Linke et al. 2006; Lagubeau et al. 2011) . For the range of drop radii observed, the measured accelerations correspond to forces reaching 100 µN, also consistent with previous observations. Plotting the acceleration as a function of distance from the trap centre (figure 4c) we see that at early times, when the drop is far from the centre, it is approximately constant. As the orbit draws closer to the origin, there is an approximately linear dependence with a slope that slowly increases with time. A phase portrait in the a, v-plane (figure 4d) shows a linear relationship at early times followed by the more familiar circular trajectories of a harmonic oscillator. From the theorem of Bertrand (1873), the only central force laws supporting closed orbits have the radial dependence r α , with α = −2 or 1, so the observed precession in figure 3(a), especially for large orbits, probably reflects the deviation of the force law from the ideal harmonic oscillator. We discuss these results further in § 4.
Among the most salient features that distinguish a Leidenfrost drop from a Leidenfrost solid such as dry ice (Lagubeau et al. 2011 ) is the excitation of persistent harmonic shape deformations as it spirals towards its final resting place. These deformations are seen only when the drop initially has large orbital angular momentum, and as the drop shrinks its spinning rate increases and the number of lobes decreases. We have observed drops with five-, four-, three-, and then two-armed shapes, some of which are shown in figure 5. Although the coexistence of multiple modes of shape oscillations on large drops makes it difficult to discern a direction of rotation, when a drop has shrunk to a size that supports only the two-lobed (dumbbell) shape its 'spin' angular momentum is clearly evident, and is always antiparallel to the orbital angular momentum. This antiparallelism can be understood as a simple consequence of launching an extended body (a drop) with uniform velocity tangential to the circular ridges and acted upon by a central force. In the two-lobed state we observe a rapid increase in spinning rate, presumably as a consequence of the shrinkage of its moment of inertia. However, we have not been able to rule out the possibility that this effect is partially due to viscous torques imparted by the ratchet and flows internal to the drop.
As a dumbbell-shaped drop continues to shrink and its angular speed increases it invariably undergoes binary fission, often with the classical satellite drop visible from the breakup of the connecting thread of fluid (figure 6 and supplementary movie 2). The balance of centripetal and capillary forces for a drop rotating at angular velocity Ω about its centre of mass is governed by the rotational Bond number where ρ is the density difference between the drop fluid and the surrounding vapour, r 0 is the radius of a spherical drop with the same volume, and σ is the surface tension (Chandrasekhar 1965; Brown & Scriven 1980 FIGURE 7. Data on drop fission. Measured spinning frequency versus equivalent drop radius (solid circles), compared to theoretical criteria for an n = 2 bifurcation (dashed red curve) and the stability limit for a two-lobed shape (solid red curve).
exist along a stable branch down to Σ † = 0.09. In the context considered here, there is a slow variation in Σ with time as the drop shrinks and spins faster, so any crossing of these bifurcation values is an example of a 'dynamic bifurcation' of the kind studied in celestial mechanics (Lebovitz & Pesci 1995) . Our experimental study of 12 fission events imaged at 1000 f.p.s. shows that drops appear to be unstable to fission as soon as they become visibly two-lobed, executing very few rotations before breaking up. In figure 7 we plot the measured angular frequency Ω during the first full rotation after the appearance of the two-lobed shape, hence just before fission, as a function of the equivalent radius of the drop. These data are compared to the theoretical onset curves using Σ * and Σ † which together define the theoretical stability limits for non-axisymmetric drops. Our data cluster near but above the bifurcation curve defined by Σ * , consistent with our observation that once the drops develop the 2-lobed shape they are unstable to breakup. This is perhaps not surprising because, unlike in the theoretical calculations, the Leidenfrost drops are undergoing destabilising, large-amplitude shape oscillations. Finally, we should remark that one can even find examples of breakup and subsequent merger of the two daughter drops (supplemental movie 3).
Ratchet mechanism
Above a smooth, flat heated solid a Leidenfrost drop is levitated by the vapour flow from its bottom surface, which exits the gap between the drop and the underlying surface uniformly in all directions. If the diameter of the drop exceeds the capillary length c = (σ/ρ l g)
, where σ is the liquid-air surface tension, ρ l is the liquid density, and g is the acceleration due to gravity, the drop's height is approximately 2 c (Biance, Clanet & Quéré 2003) and hence Re can reach O(10 2 ). This underlies the argument (Lagubeau et al. 2011 ) that the propulsion could be understood as an inertial effect akin to that of a rocket with mass loss, rather than a viscous mechanism related to drop deformations proposed by Linke et al. (2006) . Indeed, Lagubeau et al. (2011) have elegantly shown that directed motion on a ratchet also occurs for dry-ice discs, so drop deformations are not necessary for propulsion. In order to examine these proposals, we investigate this problem using direct numerical solutions of the Navier-Stokes equations for a simplified model of a Leidenfrost solid over smooth and ratcheted surfaces.
This model ignores the detailed thermal processes involved in evaporation and levitation, and consists of a rigid disc of radius R and height h, surrounded by air. The disc bottom is a uniform source of air exiting downward at velocity v d , held a distance d above a no-slip surface. As we are interested in the motion of either a Leidenfrost solid or a drop whose viscosity greatly exceeds that of the air, we also assume no-slip boundary conditions on the disc, thereby ignoring in the case of a drop any internal motions that might be driven by viscous or thermocapillary stresses. Numerical solution of this problem was performed with a commercial finiteelement code (Comsol) in physical units, exploiting reflection symmetry to solve 222 that is at the lower end of what would be estimated from the drop lifetime in our experiments. In keeping with the Reynolds number estimated above, the flow escaping from the ends of the gap below the solid forms well-defined jets. The vertical edge of the solid and the flat surface act as nozzle walls, which with the exiting gap flow constitutes the classic geometry of a wall jet. This observation is supported by the comparison in figure 8(b) between the numerical values of the horizontal velocity as a function of height above the plane and the analytical results for the self-similar wall jet (Glauert 1956) , where a virtual origin and jet constant were chosen to match the value and location of the peak velocity. While the momentum flux of this jet is large, it does not imply a significant force acting on the disc for, unlike with the propulsion of a rocket, there is no surface of the disc whose normal is collinear with the direction of that flux. If we draw a control surface tightly around the disc we see that horizontal forces will arise from the weak pressure gradient acting on the vertical walls due to diffusion of the wall jet. These pressure forces are dominated by the viscous tractions acting on the disc bottom.
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In the simulations described below, we shall see that airflow over a ratchet topography, even in the absence of drop deformations, is primarily directed laterally out from under the solid, guided by the channels formed by the teeth walls and the disc bottom, except at the front and back teeth. There is no appreciable flow between channels. Within any given interior channel, the influx of vapour from the drop is diverted first forward towards the widest section of the channel, and then outward, hugging the vertical wall. This first flow results in a large viscous force pulling the drop forward, towards the vertical faces of the ratchet. To illustrate these conclusions, figure 9 shows numerical results for a disc of radius R = 4 mm, v d as above, at a height d = 0.06 mm above the top of the teeth of a ratchet with dimensions λ = 1.5 mm and δ = 0.3 mm. For these computations the finite-element grid was chosen to allow typically 5-10 mesh points across the depth of a tooth, with geometry-based refinement near tooth and disc corners. Figure 9 (a) shows the magnitude of the vapour velocity in a plane in the middle of the gap between the teeth tops and the disc bottom, showing the laterally deflected airflow and that the maximum in the outflow velocity is at the deepest part of each channel. In figure 9 (c) we observe that the largest values of the leftward (negative) component u of the velocity occur in the narrowest regions of each triangular channel, while the largest values of the lateral component v are found in the deepest regions ( figure 9d ). In addition, as with the smooth substrate, there are wall jets emanating from the front and rear of the disc, but now in slightly different directions; the rightward jet in figure 9(c) is parallel to the shallow slope of the ratchet teeth, while the leftward jet is deflected upward. Figure 9 (b) shows the x-component of the viscous stress on the disc bottom. The colour scheme shows that this stress is large and leftward at the left edge of the drop where the air exits relatively unimpeded, and it is also large and leftward within each interior channel. The only exceptions are the rear two channels, which by virtue of being mostly open allow backwards flow. This is a similar mechanism to that proposed by Linke et al. (2006) but does not require drop deformations. For the small value of v d used, the scale of stresses is Pa (=µN mm −2 ), so for short-lived droplets with much higher rates of evaporation we expect forces in the range of 10-100 µN, as observed.
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T. R. Cousins, R. E. Goldstein, J. W. Jaworski and A. I. Pesci It is possible to obtain an approximate value of the net force on the drop by calculating, within the lubrication approximation, the flow inside a triangular channel. Consider the geometry of figure 10, for −h(x) z 0 with h = x tan α, where α is the angle of the sloped channel wall. If u = (u H , w) is the velocity of the vapour in the channel, where u H is the velocity on the x, y-plane, and p is the pressure, then
Invoking continuity, an expression is found for the vertical component w of the velocity, with boundary conditions w| z=0 = −v d and w| z=−h = 0. This second boundary condition yields a two-dimensional Poisson equation for the pressure field
This equation has a similarity solution for the case of a semi-infinite triangular wedge. Even though we would not expect this to be globally valid in the present case, it is still possible to make use of this solution because the largest contribution to the stress occurs in the narrowest region of the channel. Within this approximation
f (η), where η = y/x and
Here, A = 0 by symmetry and B is chosen to satisfy mass conservation. Replacing p into (3.1) we obtain the velocity field, the approximate value of the stress tensor at z = 0, and the viscous drag due to the flow inside a given tooth of length 2R and width λ that is separated from the drop by a minimum gap e,
Note that the component of the drag force parallel to the ratchet ridges will cancel out by symmetry, leaving only the component perpendicular to the ridges. Recognising that tan α = h/λ and that by continuity the characteristic horizontal velocity u 0 in the gap is u 0 ∼ v d λ/h, we conclude that the propulsive force per tooth is F ∼xµu 0 Rλ/h, in agreement with Dupeux et al. (2011b) . Multiplying this result by the number of teeth, R/λ, we conclude that the total propulsive force on the drop should scale as R 2 /h. Using the known scaling h ∼ R 1/2 for the mean levitation height (Biance et al. 2003) , we obtain the scaling F ∼ R Of course, the magnitude of this force will vary with time as the drop radius and levitation height change. Finally, it should also be pointed out that the presence of curvature in the ratchet would only accentuate the rectification of the flow and the consequent excess viscous force in the direction of the steep side of the ridges, i.e. towards the centre of the trap.
In addition to the central force described above, a solid disc moving with speed U experiences a viscous drag force F v ∼ πR 2 µU/d associated with the thin vapour layer underneath, and an aerodynamic drag , the aerodynamic drag is clearly a secondary effect (Lagubeau et al. 2011) . Owing to the ratchet geometry, the component of the drag parallel to the ridges is inversely proportional to the mean vapour layer depth d/2. On the other hand, the calculation above suggests that the radial drag is dominated by a contribution logarithmic in the narrowest dimension e. In addition to this anisotropy, recent work has shown that deformable (liquid) drops are subjected to other mechanisms of viscous dissipation (Dupeux et al. 2011a) . We conclude that the drag force on a Leidenfrost drop is anisotropic, with two different drag coefficients ζ r and ζ θ .
Droplet motion in a trap
Within the model of a centrally directed force of magnitude F(t) acting on the drop, its equation of motion resembles that of a celestial body (Symon 1971) with the added feature of viscous drag. If a drop of mass M(t) is located at r(r, θ) = rr with (r,θ ) the local orthogonal system (figure 1), then a force balance yields r − rθ To the extent that Γ is at most slowly varying with time, there are two interesting regimes in which there is a separation of time scales such that the drop properties change slowly through each orbit. First, when a drop is launched into an orbit of radius R 0 with an initial angular momentum corresponding to an orbital frequency ω = (Γ /R 0 ) 1/2
, and the damping is such that b θ /ω 1, thenr andṙ can be neglected, and an approximate solution to (4.2) is a quasi-circular spiralling orbit, r(t) = R 0 e −(2/3)b θ t , θ (t) = 3ω b θ e
(1/3)b θ t
qualitatively similar to figure 3(b). This approximation improves as time increases, since the neglected terms decay exponentially with respect to the others.
